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Abstract.

The main goal of Evolutionary StructuralOptimisation(ESO) research
hasbeento provide aneasilyapplicableoptimisationmethodfor theengineer-
ing industrywhich assiststhedesignprocessfor productimprovement.Orig-
inally ESOwasbasedon the conceptof fully stressedstructuresandit is ob-
tainedby slowly removing, from a Finite Elementmeshtheseelementsthat
presentthe lowest stressvalue. Following this heuristically-driven removal
criteria, the initial topology evolves towardsthe optimum one. Sinceits in-
troductionin 1992,ESOhasbeendevelopedandextendedto several typesof
structuralproblems.Initial weaknessesof ESOwere(i) typically long solution
timesand(ii) topologieswith jaggedsurfacesasaresultof removing wholeele-
mentsin theoptimisationprocess.Thesecharacteristicshinderedits application
to computeraideddesignandanalysis.In this investigation,theseweaknesses
have beenaddressedfor 2D situationsby (i) basingthestresscomputationon
theFixedGrid (FG) finite elementmethodand(ii) removing materialwith the
lowestvaluesalongiso-stresscontoursinsteadof removing wholeelements.A
boundaryrepresentation(B-rep)of thestructureis maintainedat eachiteration
of theoptimisationprocess.Modification to theworkpieceis madeby identi-
fying thestresscontourlinesandincorporatingtheminto theevolving geome-
try. Thetopologicalconsistency of theB-rep is maintainedvia normalized2D
booleanoperations.�
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1 LITERA TURE REVIEW

1.1 Fixed Grid Analysis

Fixedgrid (FG) methodologyto solve elasticityproblemswasfirst intro-
ducedby Garćıa andSteven [1] asan enginefor numericalFEA calculation.
Theadvantagesof usingFG aresimplicity andspeedat a permissiblelevel of
accuracy. Thestresserrorwasseento increaseneartheregionof stressconcen-
tration,with amaximumstresserrorbeingapproximately10%for areasonable
sizedmesh. However, the averagestresserror was found to be about5% or
below andthe displacementfield error waseven lower, around1% [2]. Thus
the FG methodwasdeemedappropriatefor interactive designandstructural
optimisationwhereno highly accurateanalysisis needed.

1.1.1 Boundary Representationand FG Analysis
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Figure1: An FG representationof a bracket

Most of theCAD systemsusea BoundaryRepresentation(B-rep) to de-
scribethetopology/geometryof astructure.In thisapproachgeometricentities
suchaslines,splines,planesandothersareusedto constructthecontourthat
describetheboundaryof thestructure.Theparametersthatcontrol thesegeo-
metricentitiescanbeadoptedasthedesignvariablesin a structuraloptimisa-
tion procedure.In orderto undertake a Finite ElementAnalysis(FEA) of the
structurethis boundaryrepresentationmustbe translatedinto a discretefinite



elementdomain. This processis known as the meshgenerationprocessand
usuallyrequireslargecomputationalresources.

By way of contrast,a Fixed Grid (FG method)is generatedby superim-
posinga rectangulargrid of equalsizedelementson thegivenstructureinstead
of generatinga meshto fit the structure. Someof theseelementsare inside
thestructure( � ), someareoutside( � ) andsomeareon theboundary, namely
Neither-In-nor-Out elements( �	�
� ) asillustratedin Fig. 1 [1]. An � element
is givena materialpropertysignificantlylessthanan � elementandtheprob-
lem becomesa bimaterialone.A ����� elementis partially insidethestructure
andits materialpropertyvalueis not constantnor continuousover theelement.
Suchanelementis approximatedby transformingthebimaterialelementinto a
homogeneousisotropicelement.The materialpropertymatrix of a �	�
� ele-
mentis computedusingEquation1.

���� �	�
������� ���� ��� (1)

where
 � � �	�
��� is theelementalmaterialpropertyof a ����� element,

 � � ���
is theelementalmaterialpropertyof inside, ����� �"!�� � is thearearatio of the
areainsideof thestructurewithin the �	�
� element�#� , over the total areaof
anelement� � .
1.2 Evolutionary Structural Optimisation (ESO).

EvolutionaryStructuralOptimisationmethodis basedon theconceptthat
by removing inefficient materialfrom a structureits residualshapeevolvesin
thedirectionof a betterone. As such,it usesnumericalsolvers(amongthem
FG). In its classicform ESOmethodoptimisesa structureby slowly removing
elements with low stress,approachinga fully stresseddesign[3]. An important
characteristicof theESOmethodis thatit is easyto understandandlearnwhile
at the sametime producesreliableresults. HenceESOhasbeenextendedto
accommodatevariousoptimisationcriteria and is becominga more practical
method. Someof thesedevelopmentsincludethe implementationof stiffness
anddisplacementsasoptimisationcriteria [4] andtheapplicationsin multiple
load [5], non-linear[6], dynamic[7] and buckling problems[8]. Querin et
al. extendedthe ESOmethodto addaswell asremove elements,namelyBi-
directionalESO(BESO)[9]. This meantthat the initial designno longerhad
to be the maximumdesigndomain. Thus, the solution time may be reduced
especiallyif the userspecifiesa near-optimal topology as the initial design.
However this knowledgeis not alwaysavailableandthe typical long solution
time of ESOhasbeenanobstacleagainstits practicalapplicabilityasa design
tool



1.2.1 ClassicEvolutionary Structural Optimisation (ESO)

Thebasicconceptof thestress-basedClassicESOis thatastructureevolves
towardsa fully stresseddesign,ie. anoptimum,by slowly removing thelightly
stressedelements.TheelementsthatsatisfytheESOinequalityof Equation(2)
arenot beingefficiently utilised in carryingtheappliedloadandhencecanbe
removedwith a minimal effect on thestructuralintegrity. TheESOprocedure
canbesummarizedaspresentedin Algorithm 1.

$
vm % �'&)(*(,+.-0/21 � $ vm � (2)

(*( � /43657/�89+;:�:�5</4=#+;:�: = 5</4> +?:�: > 57@ (3)

where$
vm % � = AveragevonMisesstressatelementA ,-0/21 � $ vm � = maximumvonMisesstressof thestructure,(*( = RejectionRatio,/43 , /�8 , /4= , /4> = userspecifiedconstantsthatdefinetherateatwhich

theelementsareremoved,and:�: = SteadyStatenumber, [4].

Algorithm 1 Main ESOalgorithm
while optimumlimit is not reacheddo

CarryoutFEA;
Removeelementsaccordingto Equation(2) ;
if numberof removedelements���)B then:�: � :C:�5)DFE
end if

endwhile

1.2.2 Fixed Grid Evolutionary Structural Optimisation (FG-ESO)

Kim et al [10] implementedFG into ESO.Themaincharacteristicof FG-
ESOis that elementsarepartially removed by modifying the � parameterin
Equation(1). � representsthe ratio of materialinsidethe structurewithin an�	�
� element.They alsoproposeamethodfor extractingthegeometryof �	�
�
elementsfrom � parametersthusobtainingasmoothboundaryrepresentationof
theoptimaltopology. Theprimaryadvantageof FG-ESOis asignificantreduc-
tion in solutiontime. TheFG uses���
� elements,which representa fraction
of theareaof anominalcell. Theapplicationof theseelementsin ESOenabled
amorerefinedoptimisationthanthetraditionalESOmethodfor thesamemesh
density. It is alsonotedherethattheoptimaltopologiesdonotcontainchecker-
boardpatterns,andthereforearemorefeasibleandmanufacturablerelative to



typical optimisedtopologies[11, 12]. In this approachthephysicalrealization
of theworkpieceis achievedby back-translatingcellswith B�GHB & � &ID GHB into
patternsof predefinedfractionsof squareregions.

1.2.3 Scopeof presentstudy

In ESOmethodthestructureis optimisedby slowly removing inefficient
materialwhich is accomplishedby removing elementswith low averagestress
asin Equation(2). In this study, the “inefficient material” is identifiedby the
contour lines at $KJ � (*(L+M-0/21 � $ vm � . Then the B-rep of the structureis
modifiedby subtractingthe materialdefinedby thesecontourlines. Finally,
topologicalandmechanicalconsistency of theB-repis maintainedby acontin-
uousassessmentof theseevolving geometries.In this approachtheboundaries
of the subtractedregionsdo not have to be alignedwith the orthogonalgrid
(OrthogonalityConstraintis removed). The methoditself is independenton
theanalysismethodsincetheinformationfor materialremoval is concentrated
on the iso stresscurves. However, FG hasbeenusedbecauseof its speedand
re-analysiscapabilities.

2 METHODOLOGY

Given the centralrole of booleanoperationson 1-topologicalmanifolds
in the implementationof theESO,a shortreview of relevant termsfollows. A
topological1-manifoldembeddedin ( = is aset NPO ( = suchthat Q
R	S?NUTWVYXZO( = T�X open,s.t. R[S\X]TW^`_�X is homeomorphicto ( 8 . TheboundaryN of a
2D objectis consideredasbeinga topological 1-manifold.Beinga topological
manifold allows the boundaryto be piecewise linear (PL). Homeomorphism
forcesit to be continuous.The domain of the Finite Element, a , is the clo-
sureof the interior of N . Thatmeansit is formedby thepointsenclosedby N
and N itself. Notice that a conventionis requiredsince N divides ( = into two
disconnectedregions,bothof which couldbeconsideredasthefinite element
domain. The Boundary-representationof a is N , with the convention that it
mustbe traversedin counterclockwisedirectionaccordingto a vectornormal
to ( = , in which N is embedded.a and N donot have to beconnectedsetsfrom
the topologicalpoint of view. They mayrepresent(andenclose)disconnected
portionsof thepiece.Themechanicalstability of sucha physicalarrangement
mustbeaddressedoutsideof thetopologicalconsiderations.

Figure2 shows themainstepsin implementinganESOstrategy on fixed
gridsusinga piecewiselinearcontour. As a conclusionfrom theliteraturesur-
vey , oneof thegoalsof this investigationis thecomputationandmaintenance
of a boundarythat is not orthogonal(is not coincidentwith the grid). The
boundaryis allowedto crossgrid elementswith 1stdegree(linear)curves.
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Figure2: Main Algorithm for Non-OrthogonalBoundaryMaintenance

Theinvariantof thealgorithmis theexistenceof avalid boundaryNcb in thed Jfe iteration.A valid boundaryis (a) topologicallyconsistent,(b) geometrically
consistent,and(c) mechanicallysupported.

2.1 Fixed Grid without Orthogonality Constraint

Figure3 shows thegeneralconfigurationfor iso-fieldcurvesintersecting
thefixedgrid. Theapproximationof thescalarfield is of theform:

g � 1 Tih��6�kj g bml]b � 1 Tih�� with 1 TihnS?a (4)

where g b*� g � 1 boTihpbm� and l]b � 1 Tih�� is an elementof the basefunction for the
approximationspace.The l]b � 1 TihK� aredefinedby Lagrangepolynomialsof the
form (i) l]b � 1 Tih��q� /21.5sr h 5ktu1 h 5sv for a 4-nodequadrangularelement,
and(ii) l]b � 1 Tih�� � /21 = h 5\ru1 h = 5\tu1 = 5�v h = 5 A 1n5�w h 5yxz1 h 5�{ for an8-
nodequadrangularelement.Parametervaluesin (i) or (ii) suchas / T r TuA}| t G are
obtainedby evaluationof thescalarfield g � 1 Tih�� at thediscretecornersdictated
by thegrid. For thesetof basefunctionsusedhereEquation(4) is non-linear.
Its iso-values,dictatedby g � 1 Tih���� g 3 (or v g � 1 T~hK���LB ) may intersecteach
limit of a given cell of the Fixed Grid in |���� pointsinsteadof one. Figure3
displaystheformsof theintersectionsof iso-stressdisplacementcurveswith a
particularcell of thefixedgrid.
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Figure3: Configurationof DisplacementField Iso-stresswithin FixedGrid Cells

2.2 Contour Identification

Theidentificationof theiso-stressloci rendersa setof unorderedslightly
curved segments. On eachone the valueof the function g � 1 Tih�� is constant.
However, the contour is approachedby a Piecewise Linear (PL) path. This
informationis a (random)sampleof the contour. Therefore,an additionalal-
gorithmis requiredto recover theconnected,topologicallycorrectPL contoursN�b from the sampleddata. The conditionsthat mustbe met are: (i) N�b must
beclosed.(ii) N�b mustbetraversedin CCW directionaccordingto thenormal
vectorof the 2D spaceembeddingN�b . (iii) N�b���N�����l d����� . Contoursdo
not toucheachother. (iv) N�b �O)�z��|�A�� d ��� � N���� d���\� . Iso-stresscontoursarenot
includedin eachother. (v) N�b is not self-intersecting.

Theseconditionsmustbe kept in every iterationof the ESOalgorithm.
Figure4 shows somenon-trivial situationsthat mustbe handledto keepcon-
ditions (1-4) valid. Upperleft figure displaysinvalid loci of iso-stresspoints.
They areinvalid becausesuddeninterruptions(disappearances)of thepathare
not possiblewith continuousl functions. The casesin which the workpiece
boundaryinterruptstheiso-stresslocusandsuchalocusdoesnotreappearelse-
whereareinvalid for the samereason.Intuitively, invalid pathsarethosethat
arenot sufficient to split theworkpieceinto disjoint regionswith g � 1 Tih�� �� g 3 .
Regionsof null areaarenotallowed.

Figure4, upperright displaysexamplesof valid iso-stresscontours.They
includecasesof closedandopenpathsTheclosedonescanbecompletedwith
theboundaryof theworkpiece.Thelower right figuresketchesthealgorithms



cases of invalid iso−level contours

workpiece

discontinuous
open path of minima 

discontinuous
open path of minima 

cases of valid iso−level contours

workpiece
iso−level points
open path

iso−level points
closed path

2 boundaries
2 open iso−levels 1 closed iso−level

open iso−level
1 boundary

open iso−level
3 boundaries

0 boundaries

iso−level open path completed with boundary

iso−level path

iso−level path already closed

completion of iso−level contours

Figure4: Casesof Workpiecesplit by Iso-stresscontours

for contouridentificationandcompletion.Thedashedline representstheclosed
contourthat is obtainedby completingtheopenloci of iso-stresspointsusing
theboundaryof theworkpiece.Noticethattheregionssodefinedaretopologi-
cally correct,andarereadyto besubtractedfrom theoriginalworkpiece.

Figure4 lower-left showsdifferent(non-exhaustive)casesof thepartition
of theworkpieceinducedby the iso-stresspaths.As mentionedbefore,a nec-
essaryconditionfor the iso-stresspathsis that they mustdefineregionswith
non-ambiguous,non-nullinterior/exterior.

2.3 Contour Algebra

At the
d | { iterationof the ESOalgorithm,a level of stress$ b is selected

asthresholdto trim thematerialthat is at a lower level. Thecurrentworkpiece
at thebeginningof the iterationis a�b . The � regionsthatarestressedat levels
below the thresholdare a�b�� 8 Tua�b�� = T�G�G�G�Tua�b�� � . Sincethe regionsareboundedby
topologicallyandgeometricallycorrectpaths,they will be identifiedwith the



closedpathsboundingthem: N�b (the workpiece)and Ncb�� 8 TuN�b�� = T�G�G�G�TuN�b�� � . In this
situation,theworkpiecefor the

d 5)D | { iterationis calculatedas:

N�bf� 8 ��N�b��
�~�K��
�~� 8 Ncb�� � (5)

wherethe N�b�� � are the boundariesof a�b�� � regions that are identifiedasstand-
ing a stresslevel lower than the establishedthreshold$ b . Theseregionscan
besafelyremovedfrom themodel. Theoperatorsin Equation(5) arethenor-
mal booleanandnormalizedsetoperatorsusedin ComputerAided Geometric
Design(CAGD). This investigationusesthe2D versionsof them.

2.4 MechanicalValidation

disconnected region
disconnected region

isolated constraint point

Figure5: MechanicalDegeneraciesform MaterialRemoval

Condition(4) in subsection2.2 is not a topologicalone. The1-manifold
formed by points � � 1 T~hK� % l � 1 T~hK�q��l 3�  doesnot have to be connectedand
indeediso-stresscontoursmayappearwithin eachother. However, sucha sit-
uationgeneratesa deficiency in mechanicalconstraints(seeFigure5), sinceit
producesdisconnected,staticallyunstableportionsof the workpiece. The is-
sueof automaticcomputationof sufficient kinematicconstraintsis outsidethe
scopeof this paper, andit is anopenfield of researchin theareasof fixturing
andgrasping.For thepresentwork, theexistenceof isolated,staticallyunstable
regionswasdetectedby testing: (i) inclusionof the closedpathscorrespond-
ing to the sameiso-stressin eachother, and(ii) separateLUMPS of material
(in thesenseof solid modeling).This is not a exhaustive test,but impedesthe
existenceof rW/ � v
¡ of removedmaterialthat would produceseparateportions
of workpiece.Theseportionsmaystill be stable,givencertainconfigurations
of the constrainingpoints. At the present,the eliminationof separateregions



in nontrivial cases(ii) is performedby theuser. He/shedetermines,according
to theproductdesignconditionsandstaticstability considerations,which con-
nectedpartsof thepieceareto bekeptandwhich to beneglected.Noticethat
condition(i) above is detectedby thealgorithm.

3 RESULTS

Figure6 shows differentstagesof thenon-orthogonalESOalgorithmfor
a Michell type structure. Part (a) presentsthe workpieceat the beginning of
iteration.Part(b) correspondsto the D£¢ | { iteration,(c) to the ¤4¥¦| { and(d) to the¢ ¤F| { iteration.Themeshsizewas ¥FB2B elements.Thetotal computingtimewas
4.9minuteson a Pentium500MHz processor. Table1 shows a comparisonof
thepresentapproach(ISOESO)with classicESOandFGESO.StandardESO
andFG-ESOresultswereobtainedfrom Kim et al andweremeasuredusing
a Pentium133 MHz processor[10]. The meshsizein this casewas §FB + §FB .
ISO-ESOtimewasmeasuredwith aPentium500MHz computerandscaledto
aPentium133MHz in orderto comparetheresults.

Due to the differencesin FEA solversandthe way materialis removed,
noticethat classicESOintroducesstressconcentrationregionsbecauseof the
jaggedsurface,the pathof the threemethodsdiffers and thereforereduction
of the volumeto 40 % of the initial volumeis reachedat differentnumberof
iterations,table1.

P P

PP

(c) Iteration 43 (d) Iteration 84

(b) Iteration 18(a) Initial domain

Figure6: WorkpieceEvolution from Non-OrthogonalIso-stressSegmentCalculation
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Figure7: EvolutionaryHistory of volume

StandardESO FG ESO Iso ESO

Volumereduction 40.12% 39.9% 35.0%
Numberof Iterations 838 188 84

SolutionTime 22:55:30 2:22:52 0:30:00
Table1: Comparisonof Michell typestructureoptimisationprocessby differentESOmethods

4 CONCLUSIONS

This work haspresenteda variationof the ESOalgorithmbasedon iso-
stress-driven materialremoval insteadof the element-basedmaterialremoval
criteriausedby classicESO.Stressdistributionis obtainedwith theFGmethod
by using a re-analysistechniquethus reducingthe total computationaltime.
Preliminaryresultsshowed significantsavings on time when comparedwith
classicESOandFGESO.ThepresentapproachkeepstheB-repof thegeome-
try/topologyateverystepof theevolutionprocessandthereforeamorefeasible
andmanufactureoptimisedtopologies.It is alsonotedthat thetopologiespro-
ducedby this methoddonot containcheckerboardpatterns.
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