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Abstract.

The main goal of Evolutionary StructuralOptimisation(ESO) research
hasbeento provide an easilyapplicableoptimisationmethodfor the engineer
ing industrywhich assistghe designprocesdor productimprovement. Orig-
inally ESOwasbasedon the conceptof fully stressedtructuresandit is ob-
tainedby slowly removing, from a Finite Elementmeshtheseelementsthat
presentthe lowest stressvalue. Following this heuristically-drven removal
criteria, the initial topology evolvestowardsthe optimumone. Sinceits in-
troductionin 1992,ESOhasbeendevelopedandextendedto severaltypesof
structuralproblems.Initial weaknessesf ESOwere(i) typically long solution
timesand(ii) topologieswith jaggedsurfacesasaresultof removing wholeele-
mentsin theoptimisationprocessThesecharacteristichinderedts application
to computeraideddesignandanalysis.In this investigationtheseweaknesses
have beenaddressedor 2D situationsby (i) basingthe stresscomputationon
the Fixed Grid (FG) finite elementmethodand(ii) removing materialwith the
lowestvaluesalongiso-stressontoursnsteadof removing wholeelementsA
boundaryrepresentatiofB-rep) of the structurels maintainedat eachiteration
of the optimisationprocess.Modification to the workpieceis madeby identi-
fying the stresscontourlines andincorporatingtheminto the evolving geome-
try. Thetopologicalconsisteng of the B-repis maintainedvia normalized2D
booleanoperations.
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1 LITERATURE REVIEW
1.1 Fixed Grid Analysis

Fixed grid (FG) methodologyto solve elasticityproblemswasfirst intro-
ducedby Garda and Steven [1] asan enginefor numericalFEA calculation.
The advantagef usingFG aresimplicity andspeedat a permissibldevel of
accuray. Thestresserrorwasseerto increasaneartheregion of stressoncen-
tration,with amaximumstresserrorbeingapproximatelyl0%for areasonable
sizedmesh. However, the averagestresserror was found to be about5% or
belov andthe displacementield error waseven lower, around1% [2]. Thus
the FG methodwas deemedappropriatefor interactve designand structural
optimisationwhereno highly accurateanalysiss needed.

1.1.1 Boundary Representationand FG Analysis
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Figurel: An FG representationf a bracket

Most of the CAD systemausea BoundaryRepresentatio(B-rep)to de-
scribethetopology/geometrpf a structure.In this approaclgeometricentities
suchaslines, splines,planesandothersare usedto constructthe contourthat
describethe boundaryof the structure.The parametershat control thesegeo-
metric entitiescanbe adoptedasthe designvariablesin a structuraloptimisa-
tion procedure.In orderto undertale a Finite ElementAnalysis (FEA) of the
structurethis boundaryrepresentatiomustbe translatednto a discretefinite



elementdomain. This processs known asthe meshgenerationprocessand
usuallyrequiredarge computationatesources.

By way of contrast,a Fixed Grid (FG method)is generatedy superim-
posingarectangulagrid of equalsizedelementn thegivenstructureinstead
of generatinga meshto fit the structure. Someof theseelementsareinside
the structure(/), someareoutside(O) andsomeareon the boundary namely
NeitherIn-nor-Out elementg N /0) asillustratedin Fig. 1 [1]. An O element
is givena materialpropertysignificantlylessthanan I elementandthe prob-
lem becomes bimaterialone. A NI0O elements partially insidethe structure
andits materialpropertyvalueis not constannor continuousover theelement.
Suchanelements approximatedy transforminghebimaterialelemeninto a
homogeneoussotropicelement. The materialpropertymatrix of a N70 ele-
mentis computedusingEquationl.

CY(NIO) = £ C°(I) (1)

whereC¢(N10) is the elementaimaterialpropertyof a NIO element,C*¢(I)
is the elementamaterialpropertyof inside,§ = A;/A. is the arearatio of the
areainside of the structurewithin the NI0O elementA;, over the total areaof
anelementA4,.

1.2 Evolutionary Structural Optimisation (ESO).

EvolutionaryStructuralOptimisationmethodis basedon the concepthat
by remaving inefficient materialfrom a structureits residualshapeevolvesin
the directionof a betterone. As such,it usesnumericalsolvers (amongthem
FG). In its classicform ESOmethodoptimisesa structureby slowly removing
elements with low stressapproachingfully stressediesign[3]. An important
characteristiof the ESOmethodis thatit is easyto understanéndlearnwhile
at the sametime produceseliableresults. HenceESO hasbeenextendedto
accommodateariousoptimisationcriteria and is becominga more practical
method. Someof thesedevelopmentdnclude the implementatiorof stiffness
anddisplacementasoptimisationcriteria [4] andthe applicationsn multiple
load [5], non-linear[6], dynamic[7] and buckling problems[8]. Querin et
al. extendedthe ESOmethodto addaswell asremove elementsnamelyBi-
directionalESO(BESO)[9]. This meantthatthe initial designno longerhad
to be the maximumdesigndomain. Thus, the solutiontime may be reduced
especiallyif the userspecifiesa nearoptimal topology as the initial design.
However this knowledgeis not always available andthe typical long solution
time of ESOhasbeenan obstacleagainstits practicalapplicabilityasa design
tool



1.2.1 ClassicEvolutionary Structural Optimisation (ESO)

Thebasicconcepbf thestress-base@lassicESOis thatastructureavolves
towardsafully stressedlesign,je. anoptimum,by slowly removing thelightly
stresse@lementsTheelementghatsatisfythe ESOinequalityof Equation(2)
arenot beingefficiently utilisedin carryingthe appliedload andhencecanbe
removedwith a minimal effect on the structuralintegrity. The ESOprocedure
canbesummarizedspresentedn Algorithm 1.

ovmle < RR X maz(oym) (2)
RR=a0+a1XSS+a2><SSZ+a3><SS3+K (3)
where
Ovmle = Averagevon Misesstressatelemente,
max(oym) = maximumvon Misesstresof the structure,
RR = RejectionRatio,

userspecifiedconstantshatdefinetherateatwhich
theelementsareremoved,and
SS = SteadyStatenumber [4].

ag, G1, A3, a3

Algorithm 1 Main ESOalgorithm

while optimumlimit is notreachedlo
Carryout FEA;
Remae elementsaccordingto Equation(2) ;
if numberof removedelements== 0 then

SS=85+1;

endif

endwhile

1.2.2 Fixed Grid Evolutionary Structural Optimisation (FG-ESO)

Kim etal [10] implemented=G into ESO.The maincharacteristiof FG-
ESOis that elementsare partially removed by modifying the £ parameteiin
Equation(1). £ representshe ratio of materialinside the structurewithin an
N 10 element.They alsoproposea methodfor extractingthegeometryof N0
elementdrom £ parameterthusobtainingasmoothboundaryrepresentatioof
theoptimaltopology Theprimaryadvantageof FG-ESQis asignificantreduc-
tion in solutiontime. The FG usesNI0O elementswhich represent fraction
of theareaof anominalcell. Theapplicationof theseelementsn ESOenabled
amorerefinedoptimisationthanthetraditionalESOmethodfor the samemesh
density It is alsonotedherethatthe optimaltopologiesdo not containchecler-
boardpatternsandthereforeare morefeasibleand manufcturablerelative to



typical optimisedtopologieq11, 12]. In this approachthe physicalrealization
of theworkpieceis achieved by back-translatingellswith 0.0 < ¢ < 1.0 into
patternf predefinedractionsof squareregions.

1.2.3 Scopeof presentstudy

In ESOmethodthe structureis optimisedby slowly removing inefficient
materialwhich is accomplishedby removing elementswith low averagestress
asin Equation(2). In this study the “inefficient material” is identified by the
contourlinesat o, = RR x maz(oym). Thenthe B-rep of the structureis
modified by subtractingthe materialdefinedby thesecontourlines. Finally,
topologicalandmechanicatonsisteng of the B-repis maintainedoy a contin-
uousassessmemf theseevolving geometriesin this approacttheboundaries
of the subtractedegions do not have to be alignedwith the orthogonalgrid
(OrthogonalityConstraintis removed). The methoditself is independenbn
theanalysismethodsincetheinformationfor materialremoval is concentrated
on theiso stresscurves. However, FG hasbeenusedbecausef its speedand
re-analysicapabilities.

2 METHODOLOGY

Giventhe centralrole of booleanoperationson 1-topologicalmanifolds
in theimplementatiorof the ESO,a shortreview of relevanttermsfollows. A
topologicall-manifoldembeddedh R? isasetl’ C R? suchthatVp € T',3U C
R?,U open,s.t. p € U, M (U is homeomorphido R'. Theboundaryl" of a
2D objectis consideredisbeingatopological 1-manifold.Beingatopological
manifold allows the boundaryto be piecavise linear (PL). Homeomorphism
forcesit to be continuous. The domain of the Finite Element,(?, is the clo-
sureof theinterior of I'. Thatmeanst is formedby the pointsenclosedy I
andl itself. Notice thata corventionis requiredsincel" divides R? into two
disconnectedegions, both of which could be consideredasthe finite element
domain. The Boundary-representatioof €2 is I", with the corventionthat it
mustbe traversedin counterclockwisedirectionaccordingto a vectornormal
to R?, in whichT' is embedded(2 andI’ do not have to be connectedetsfrom
thetopologicalpoint of view. They may representandenclose)disconnected
portionsof the piece. The mechanicaktability of sucha physicalarrangement
mustbe addressedutsideof thetopologicalconsiderations.

Figure2 shows the main stepsin implementingan ESOstrateyy on fixed
gridsusinga piecaviselinear contour As a conclusionfrom the literaturesur
vey , oneof the goalsof this investigationis the computatiorandmaintenance
of a boundarythat is not orthogonal(is not coincidentwith the grid). The
boundaryis allowedto crossgrid elementswith 1stdegree(linear) curves.
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Figure2: Main Algorithm for Non-OrthogonaBoundaryMaintenance

Theinvariantof thealgorithmis theexistenceof avalid boundaryl’; in the
iy, iteration. A valid boundaryis (a) topologicallyconsistent(b) geometrically
consistentand(c) mechanicallysupported.

2.1 Fixed Grid without Orthogonality Constraint

Figure 3 shaws the generalconfigurationfor iso-field curvesintersecting
thefixedgrid. The approximatiorof the scalarfield is of the form:

u(w,y) = Y widi(z,y) with z,y € O 4)

wherew; = u(z;,y;) and ®;(z,y) is an elementof the basefunction for the
approximatiorspace.The ®;(z, y) aredefinedby Lagrangepolynomialsof the
form (i) ®;(z,y) = ax + by + cxy + d for a 4-nodequadrangulaelement,
and(ii) ®;(z,y) = ax?y + bxy® + cx® + dy?® + ex + fy + gxy + h for an8-
nodequadrangulaelement.Parametewaluesin (i) or (i) suchasa, b, etc. are
obtainedby evaluationof thescalarfield u(x, y) atthediscretecornersdictated
by the grid. For the setof basefunctionsusedhereEquation(4) is non-linear
Its iso-values,dictatedby u(z,y) = uo (Or du(z,y) = 0) may intersecteach
limit of a givencell of the Fixed Grid in two pointsinsteadof one. Figure 3
displaysthe formsof the intersection®f iso-stresslisplacementurveswith a
particularcell of thefixedgrid.
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Figure3: Configurationof DisplacemenField Iso-stressvithin Fixed Grid Cells
2.2 Contour Identification

Theidentificationof theiso-stresdoci rendersa setof unorderedslightly
curved sggments. On eachonethe value of the function u(z, y) is constant.
However, the contouris approachedy a Piecavise Linear (PL) path. This
informationis a (random)sampleof the contour Therefore,an additionalal-
gorithmis requiredto recover the connectedtopologicallycorrectPL contours
I'; from the sampleddata. The conditionsthat mustbe metare: (i) I'; must
beclosed.(ii) I'; mustbetraversedin CCW directionaccordingto the normal
vectorof the 2D spaceembedding’;. (iii) I'; N T'; = ® 4 # j. Contoursdo
nottoucheachother (iv) I'; ¢ Interior(T';) i # j. ISo-stressontoursarenot
includedin eachother (v) T'; is not self-intersecting.

Theseconditionsmustbe keptin every iteration of the ESO algorithm.
Figure4 shonvs somenon-trivial situationsthat mustbe handledto keepcon-
ditions (1-4) valid. Upperleft figure displaysinvalid loci of iso-stresgoints.
They areinvalid becausesuddennterruptions(disappearance®f the pathare
not possiblewith continuous® functions. The casesn which the workpiece
boundaryinterruptstheiso-stressocusandsuchalocusdoesnotreappeaelse-
whereareinvalid for the samereason.Intuitively, invalid pathsarethosethat
arenot sufficientto split the workpieceinto disjointregionswith u(z, y) # .
Regionsof null areaarenot allowed.

Figure4, upperright displaysexamplesof valid iso-stresgontours.They
includecasef closedandopenpathsThe closedonescanbe completedwith
the boundaryof the workpiece.The lower right figure sketcheshe algorithms
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Figure4: Caseof Workpiecesplit by Iso-stresgontours

for contouridentificationandcompletion.Thedashedine representtheclosed
contourthatis obtainedby completingthe openloci of iso-stresgointsusing
theboundaryof the workpiece.Notice thattheregionssodefinedaretopologi-
cally correct,andarereadyto be subtractedrom the original workpiece.

Figure4 lower-left shavs different(non-exhaustve) casef the partition
of theworkpieceinducedby the iso-stresgpaths. As mentionedbefore,a nec-
essaryconditionfor the iso-stresgathsis that they mustdefineregionswith
non-ambiguousyon-nullinterior/exterior.

2.3 Contour Algebra

At theith iterationof the ESOalgorithm,a level of stresso; is selected
asthresholdto trim the materialthatis ata lower level. The currentworkpiece
at the beginning of theiterationis €2;. The k regionsthatarestresseat levels
below the thresholdare2; 1,2, 2, ..., Q; x. Sincethe regions are boundedby
topologicallyandgeometricallycorrectpaths,they will beidentifiedwith the



closedpathsboundingthem: I'; (the workpiece)andI'; ;,T'; o, ..., i x. In this
situation,theworkpiecefor thei + 1th iterationis calculatedas:

i=k
Tiv1 =T — | JTuy (5)
j=1

wheretheI'; ; arethe boundarieof €2, ; regionsthat are identified as stand-
ing a stresslevel lower thanthe establishedhresholds;. Theseregionscan
be safelyremoved from the model. The operatordn Equation(5) arethe nor-

mal booleanandnormalizedsetoperatorsusedin ComputerAided Geometric
Design(CAGD). Thisinvestigationusesthe 2D versionsof them.

2.4 Mechanical Validation
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Figure5: MechanicaDegeneracieform Material Removal

Condition(4) in subsectior?.2 is not a topologicalone. The 1-manifold
formed by points {(z, y)|®(z,y) = &} doesnot have to be connectedand
indeediso-stressontoursmay appeamwithin eachother However, sucha sit-
uationgenerates deficiengy in mechanicatonstraintgseeFigureb), sinceit
produceddisconnectedstatically unstableportionsof the workpiece. The is-
sueof automaticcomputationof sufficient kinematicconstraintdgs outsidethe
scopeof this paper andit is anopenfield of researchn the areasof fixturing
andgrasping For the presentvork, theexistenceof isolated staticallyunstable
regionswasdetectedoy testing: (i) inclusionof the closedpathscorrespond-
ing to the sameiso-stressn eachother and (i) separatd. UMPS of material
(in the senseof solid modeling). This is not a exhaustve test,but impedegshe
existenceof bands of removed materialthat would produceseparatgortions
of workpiece. Theseportionsmay still be stable,given certainconfigurations
of the constrainingpoints. At the presentthe eliminationof separategegions



in nontrivial caseqii) is performedby the user He/shedeterminesaccording
to the productdesignconditionsandstaticstability considerationsyhich con-
nectedpartsof the pieceareto be keptandwhich to be neglected.Notice that
condition(i) above is detectedy thealgorithm.

3 RESULTS

Figure6 shows differentstagesof the non-orthogonaESOalgorithmfor
a Michell type structure. Part (a) presentghe workpieceat the beginning of
iteration.Part(b) correspondso the18tA iteration,(c) to the43th and(d) to the
84th iteration. Themeshsizewas300 elementsThetotal computingtime was
4.9 minuteson a Pentium500MHz processarTablel shovs a comparisorof
the presentapproachISO ESO)with classicESOandFG ESO.StandardeSO
and FG-ESOresultswere obtainedfrom Kim et al andwere measuredising
a Pentium133 MHz processof10]. The meshsizein this casewas50 x 50.
ISO-ESCtime wasmeasureavith a Pentium500MHz computerandscaledo
aPentium133MHz in orderto compareheresults.

Due to the differencedn FEA solversandthe way materialis removed,
noticethat classicESOintroducesstressconcentratiorregions becausef the
jaggedsurface, the path of the three methodsdiffers and thereforereduction
of the volumeto 40 % of the initial volumeis reachedat differentnumberof
iterationstablel.
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Figure6: WorkpieceEvolution from Non-Orthogonalso-stresSegmentCalculation
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Figure7: EvolutionaryHistory of volume

\ \ StandarcESO\ FG ESO\ Iso ESO\
Volumereduction 40.12% 39.9% | 35.0%
Numberof Iterations 838 188 84

SolutionTime 22:55:30 2:22:52 | 0:30:00
Tablel: Comparisorof Michell type structureoptimisationprocessy differentESOmethods

4 CONCLUSIONS

This work haspresented variationof the ESOalgorithmbasedon iso-
stress-dren materialremoval insteadof the element-basedaterialremoval
criteriausedby classicESO.Stresdlistributionis obtainedwith the FG method
by using a re-analysistechniquethus reducingthe total computationatime.
Preliminaryresultsshoved significantsavings on time when comparedwith
classicESOandFG ESO.The presentapproactkeepsthe B-repof thegeome-
try/topologyat every stepof the evolution procesandthereforeamorefeasible
andmanufctureoptimisedtopologies.lt is alsonotedthatthe topologiespro-
ducedby this methoddo not containcheclerboardpatterns.
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