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Force-Displacement Model of Compliant Mechanisms using Assur Sub-Chains

S. Durango∗ J. Correa† O. Ruiz‡ M. Aristizabal§ J. Restrepo-Giraldo¶ S. Achiche‖

CAD CAM CAE Laboratory, EAFIT University Engineering Design and Product Development
Cr 49 No 7-sur-50, Medellı́n, Colombia Technical University of Denmark

Productionstorvet, building 426, 2800 Kgs, Lyngby, Denmark

Abstract— This article develops a modular procedure
to perform force-displacement modeling of planar flexure-
based compliant mechanisms (CMs). The procedure is
mostly suitable for planar lumped CMs. To achieve the po-
sition analysis of CMs requires: (i) to implement the kine-
matic analysis as for ordinary mechanisms, (ii) to solve
equilibrium problem by means of an static analysis and
(iii) to model the flexures behavior through a deflection
analysis. The novel contribution of this article relies on
the fact that a division strategy of the CM into Assur sub-
chains is implemented, so that any CM subjected to such
disaggregation can be accurately modeled. For this pur-
pose a mathematical model for leaf-spring flexure type is
presented and used through this paper. However any other
flexure model can be used instead. To support the tech-
nique, a three Degrees–Of–Freedom (3-DOF) flexure-based
parallel mechanism is used as case study. Results are com-
pared to a Finite Element Analysis (FEA).

Keywords: Force-displacement model, compliant mechanism,
large deflection analysis, Pseudo-Rigid Body Model, Assur group.

I. Introduction

Compliant mechanisms (CMs) concern those mecha-
nisms which gain their mobility from the deflection of flex-
ible elements rather than from kinematic pairs [1].

Flexure-based CMs are instances of CMs in which the
flexibility is located in slender regions that supply a rota-
tion between rigid parts. The narrow flexible regions are
denoted as flexure hinges or simply flexures. The relative
rotation between two paired rigid links is obtained through
the bending of its connecting flexure. In this sense the flex-
ure has the same function as the revolute joint connecting
two rigid links.

Some of the main aspects that encompasses the analysis
and design of CMs include the force-displacement behav-
ior, topology optimization and fatigue analysis. The dis-
placement analysis of flexure-based CMs cannot be isolated
from the deflection analysis of its flexures. The most com-
mon methods used for force-displacement model of flexure-
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based CMs are the Pseudo-Rigid-Body Modeling (PRBM)
and the finite element analysis (FEA). In PRBM the deflec-
tion of flexible elements is modeled by rigid-body systems
that have equivalent force-displacement characteristics [2]
and the force-displacement behavior of the CM is accom-
plished using classical rigid mechanisms theory. FEA ad-
vantages include a wide choice of analysis type (static, dy-
namic, modal, thermal, etc.) and analysis of geometries
with complex shapes [3].

An alternative force-displacement method where an iter-
ative scheme is used to perform non-linear position analy-
sis of planar CMs is presented by Venanzi et al [4]. The
technique considers large deflections and allows for differ-
ent mathematical models for the compliant kinematic pairs,
therefore a modular approach is obtained.

The novel contribution of this article is a new force-
displacement model procedure that merges the technique
proposed in [4] with a divide-and-conquer strategy, in
which a number of flexure-based compliant chains (mod-
ules) re assembled to yield almost any practical planar CM,
leading to an improved modularity. Two basic compliant
chain families are conceived for this purpose:
1. Equivalent driving mechanisms.
2. Equivalent Assur groups.

II. Literature Review

The analysis of flexure-based mechanisms can be classi-
fied in two main categories.
1. Strategies in which an equivalent rigid-body mecha-

nism is used to perform kinematic and force analysis
[1]. In this strategy, the deflection of the flexures are
assessed in two ways.

PRBM. In this model the flexures are replaced with
rigid bodies connected by kinematic pairs that attempt
to assess their force displacement characteristics. For
this purpose, springs are added to the model to account
for the flexure stiffness. In [5], a flexure-based five-
bar mechanism is designed and analyzed through a es-
tablished kinematic model. No force analysis model
is implemented on the formulation. However, valida-
tions are carried out by FEA. In [6], a PRBM with a
lumped mass-spring model is implemented in the solu-
tion of the dynamics of a three Degrees–Of–Freedom
(3-DOF) flexure-based parallel mechanism. The kine-
tostatic model of a 3-RRR compliant micromotion stage
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is derived in [7], the model has a closed form solu-
tion and different sets of flexure hinge compliant equa-
tions are used and compared with the FEA. It should be
noted that the aforementioned references ([5], [6], [7])
use particular kinematic and dynamic solutions for their
models.

Euler-Bernoulli flexure models. In this technique the
deflected shape of the flexures is calculated directly by
solving the Euler-Bernoulli equation for long-beam like
members. This differential equation can be solved ei-
ther by using a numerical method [4], [8], e.g. finite dif-
ferences, or by the implementation of elliptic integrals
[9], [10], e.g. solved by numerical integration or series
expansion. An input/output model of an XY microma-
nipulator is presented in [8] in which a full kinematic
model that considers the elasticity of the whole CM is
proposed allowing to establish the kinematic relation-
ships between output motion and input variables. An
iterative technique in which the equivalent rigid-body
mechanism dimensions are updated by a large deflec-
tion analysis is proposed in [4]. Several types of flex-
ures models can be included into the formulation. The
technique can be used to achieve the mechanism pose
and required driving loads when subject to a set of in-
put conditions (external load and input links prescribed
rotations).

2. Strategies in which FEA are used to solve the force-
displacement problem. In [11] a compliant parallel-
guiding mechanisms is designed and both, its force-
displacement model and guiding accuracy are obtained
through FEA. Reference[12] presents a study of the mo-
bility of different types of flexure hinges. A Roberts-
Chebyshev straight-line mechanism is analyzed to vali-
date the study. The design of a compliant robotic wrist
able to perform spherical motions is discussed in [13].
The inverse and direct kinematics and the design of its
flexures are computed by FEA.

Contribution. Compared to the PRBM the procedure
proposed in this article represents both a more accurate
model and a general approach in which a wide variety
of flexure-based CMs can be assessed without the use of
closed-form kinematics solutions. Instead, a chain-based
analysis technique supported in the Assur groups concept
is designed and implemented.

Results reported in this work present a good match when
compared to FEA. In addition, the alternative here pre-
sented allows the use of analysis and synthesis tools coming
from the rigid-body mechanisms theory.

The article is organized as follows: section III summa-
rizes the the force-displacement iterative technique adopted
in this work, section IV presents the new algorithm for the
force-displacement model of CMs in which kinematics and
force analysis are based on a division of the mechanism into
Assur groups, in section V the algorithm is tested with a 3-
DOF flexure-based mechanism, finally, section VI develops

concluding remarks.

III. Background

The iterative technique to perform the force-displacement
analysis of flexure-based CMs introduced in [4] is suitable
for modeling those CM that take the form of ordinary mech-
anisms whose kinematic pairs have been replaced by flex-
ure hinges. Unlike other methods, such as non-linear FEA
or PRBM, the flexures are consider as whole parts that un-
dergo large deflections and are not divided into smaller el-
ements, this allows for a modular approach where the large
displacement analysis of different kind of flexures is devel-
oped so that a great variety of mechanisms with such flexure
hinges can be designed and analyzed.

To achieve the position analysis of CMs requires not
only to implement the kinematic relations used for ordi-
nary mechanisms but also to include static (equilibrium)
and elasticity equations that rule the flexure behavior into
the formulation of the model. In order to implement the
kinematic equations, conventional revolute pairs must be
introduced between one of the extremities of each flexure
and its adjacent rigid segment (Fig. 1), therefore allowing
at the current point the relative rotation between the flexure
and its rigid segment. Once the input variables are estab-
lished (input rigid links orientations), the kinematic analy-
sis is solved as for ordinary rigid-equivalent mechanism.

After the kinematic analysis solution is reached, the equi-
librium problem is solved by means of an static analysis to
the rigid-equivalent mechanism on its new configuration.
The static analysis returns the internal forces acting in each
joint together with the moments to be applied on the input
links in order to achieve their prescribed orientations and
equilibrate the external loads acting on the mechanism.

Finally, the flexure elastic behavior is modeled by means
of a defection analysis where each flexure present in the CM
is modeled as an independent part. A differential equation
that allows to model large deflections of the flexure hinge is
utilized to relate the deflected shape of each flexure with the
load applied upon it, which results in the computation of a
new rigid-equivalent mechanism geometry. In this manner
new results of kinematic and force analysis are obtained
what leads to a loop. The loop is iterated until all variables
converge.

IV. Force-Displacement Model of Compliant Mecha-
nisms using Assur Sub-Chains

The methodology of this work relies on the division of
the CM into rigid-equivalent sub-chains derived from its
kinematic structure, so that kinematic and force analysis
can be solved independently (within an iteration step) for
the sub-chains instead of formulating a solution for the en-
tire mechanism. After that, a deflection analysis is carried
out to each flexure within the mechanism where new equiv-
alent dimensions of the sub-chains are estimated. The pro-
cedure is presented in algorithm 1, and stated trough this
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section in three steps. Prior to that, the topology and geom-
etry of the rigid-equivalent mechanism must be determined
together with its disaggregation into driving mechanisms
and Assur groups, as pointed out in sections IV-A and IV-
B.

A. Structural analysis of rigid-equivalent mechanism

To perform an structural analysis of the CM, a rigid-
equivalent mechanism must be determined. This task can
be accomplished by replacing each flexure hinge of the
CM by a revolute joint. At this point we are only con-
cerned about the topological characteristics of the rigid-
equivalent mechanism. Geometrical characteristics will be
determined after the disaggregation into Assur groups of
the rigid-equivalent mechanism and its generation princi-
ple(generation of a mechanism by the successive joining of
Assur groups) are established (section IV-B).

Figure 1 presents a 3 DOF flexure-based parallel mech-
anism (Fig. 1(a)) and its rigid-equivalent mechanism (Fig.
1(b)). If the rigid-equivalent mechanism is simple enough,
its disaggregation into Assur groups and the determination
of its kinematic structure can be accomplished by inspec-
tion. However, if the mechanism possesses a complex kine-
matic structure, there exist available computational meth-
ods that allow the separation of planar mechanisms into
Assur groups (e.g. [14]). For the sake of brevity, it is as-
sumed along this work that the disaggregation into Assur
groups and the generation principle are established. Two
basic groups families are considered:
1. One degree of movability kinematic chains formed by a

driving link, a revolute joint and the fixed link and de-
noted as driving mechanisms.

2. Zero degrees of movability kinematic chains denoted as
Assur groups.

The generation principle of a mechanism can vary depend-
ing on the selection of its input links. There exist sev-
eral types of Assur groups which a mechanisms can be
formed of. Nevertheless, only CMs whose rigid equiva-
lent mechanism posses Assur groups of the second and the
third class within their kinematic structure are to be consid-
ered through this article. The combination of this groups
yield almost any practical planar mechanism [15]. Figure
2 illustrates the generation principle of a 3-DOF flexure-
based parallel mechanism after its three links connected to
the ground have been selected as driving links.

B. Convention for rigid-equivalent mechanism determina-
tion

The initial step in the iterative force-displacement model-
ing of CMs is the calculation of its rigid-equivalent mech-
anism kinematics. Prior to that, it is necessary to deter-
mine the geometry of the rigid-equivalent mechanism. The
dimensions of the links are determined by the location of
the equivalent revolute joints. Moreover, the location of
the joints is determined specifically by each Assur group

(a) 3-DOF flexure-based parallel mechanism

(b) Equivalent-rigid mechanism of Fig. 1(a)

Fig. 1. 3-DOF flexure-based parallel mechanism and its rigid-equivalent
mechanism

Fig. 2. 3RRR mechanism generation principle

type present in the generation principle. Two kind of joints
within the Assur groups are considered :
1. External or free joints: joints that connect the Assur

group to other groups, the fixed link or the driving links.
2. Internal joint: joints that connect two Assur group inter-

nal links.
The following convention to locate the equivalent revolute
joints is adopted:
1. Equivalent external joint. The revolute joint is located in

the edge between the rigid section and the flexure (Fig.
3).

2. Equivalent internal joint. The revolute joint is located in
any two of the edges between the joined rigid sections
and the flexure (Fig. 3).

According to convention (1) and (2), the equivalent second
and third class Assur groups are defined as illustrated in Fig.
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External
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flexure
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Equivalent
external joint

Equivalent
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Equivalent
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(a) Equivalent second-class Assur group

External
flexure

Internal
flexure

Equivalent
internal joint

Equivalent
External joint

(b) Equivalent third-class Assur group

Internal
flexure

Rigid
section

Equivalent
rigid link

Equivalent
internal 
(fixed) joint

Free-end joints with
an Assur group

(c) Equivalent driving mechanism

Fig. 4. Equivalent Assur groups and driving mechanism convention

External
flexure Internal

flexure

Equivalent
rigid link

Equivalent
internal joint

Equivalent
external joint

Equivalent
rigid link

Joints with other
group, a driving link, 
or the fixed link.

Fig. 3. Equivalent Assur groups convention

4(a) and Fig. 4(b) respectively. Similarly, Fig. 4(c) shows
the convention to assign the revolute joint of an equivalent
driving mechanism. The purpose of locating the revolute
joints between one of the extremities of the flexure and one
of its adjacent rigid segments is to ensure that the internal
forces acting coming from the static analysis, are located
such that each flexure can be modeled as a constant cross-
section cantilever beam with its free tip under the action of
two forces, Fx and Fy , and a moment M (Fig. 8).

C. Force-displacement model

The concept of modular kinematics and force analysis is
based on a divide-and-conquer approach: the analyses are
solved by the disaggregation of the mechanism into sim-
pler kinematic chains that can be analyzed in a hierarchical
order rather than analyzing the complete mechanism. The
kinematic chains are the so called driving mechanisms and
Assur groups and the hierarchy is determined by the order
in which the chains must be added to form the mechanism
(generation principle) [16]. An Assur group is defined as a
determinated kinematic chain that cannot be disaggregated
into lower class Assur groups [15], [16]. As a consequence,

its kinematic and static models can be stated independently
being this property the keystone of the modular approach.
Standard solutions for the kinematics and statics of different
classes of groups are available in the literature [15], [16].
The solution of the modular kinematics and force problems
requires:

1. To know the generation principle of the mechanism as
pointed out in section IV-A.

2. To have the solution modules of the position and force
problems of the driving mechanisms and Assur groups
within the generation principle of the mechanism.

3. To have the geometry (dimensions) of the equivalent
driving mechanisms and Assur groups withing the gen-
eration principle of the mechanism as pointed out in sec-
tion IV-B.

Considering conditions (1-3), the force displacement pro-
cedure is carry out in the following manner:

Step 1. Modular kinematics

Given:

1. A rigid-equivalent mechanism reference configuration
(non-deflected configuration at fist iteration) deter-
mined by:
(a) The position of driving mechanisms joints given

by the set {rD1, . . . , rDω}.
(b) The position of Assur groups joints given by the

set {RA1, . . . , RAΩ}.
Ω and ω are respectively the number of Assur groups
and driving mechanisms within the generation principle
of the mechanism. rDi is the position vector of the ith
driving mechanism revolute joint and RAj is the set of
position vectors of the jth Assur group revolute joints.
Both the rDi vector and the RAj set of vectors are ref-
erenced to the global coordinate system (OXY ).
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Algorithm 1 Force-Displacement Model of Compliant Mechanism.

Require:

Mech relax config rigid equivalent mechanism relaxed configuration,
q =

[
q1 q2 . . . qω

]T
required orientations of driving mechanisms,

ϕi flexures geometry and material properties,
P external loads and application points

Ensure:
Mech deflect config rigid equivalent mechanism deflected (updated) configuration,
τ =

[
τ1 τ2 . . . τω

]T
driving torques to archive the prescribed orientations q given the external loads P

1: Mech ref config = Mech relax config
2: Mi = 0 (*Mi is the ith-flexure internal moment*)
3: error = tol
4: while error ≥ tol do
5: (*Step 1. Modular kinematic analysis*)
6: {Mech deflect config,Θi} = Modular kinematics(Mech ref config,q) (*Θi is the ith-flexure effective rota-

tion*)
7: (*Step 2. Modular static analysis*)
8: {Fxi, Fyi, τ} = Modular statics(Mech deflect config, P,Mi) (*Fxi, Fyi are the internal forces acting on the ith-

revolute joint*)
9: (*Step 3. large deflection analysis*)
10: {Mech ref config,Mi} = Large deflection(Fxi, Fyi, ϕi,Θi)
11: error = |Mech deflect config −Mech ref config|
12: end while

2. The prescribed orientation of the driving mechanisms,

q =
[
q1 q2 . . . qω

]T
, (1)

where q is a column vector of input joint angles.
Goal. To find:

1. An updated (deflected) rigid-equivalent mechanism
configuration determined by:
(a) The position of driving mechanisms joints

({rD1, . . . , rDω}).
(b) The updated position of Assur groups joints

({RA1, . . . , RAΩ}).
2. The flexures effective rotation (Θi, i = 1, 2, . . . , γ,

where γ is the number of flexures). Θi is evaluated after
the position ri of every equivalent joint (updated rigid-
equivalent mechanism configuration) is determined. If
the flexure is placed between two rigid segments whose
orientations are described by the α and β angles (see
Fig. 5), then the flexure effective rotation referenced to
the local coordinate system oxy is given by

Θi = β − β0 − α+ α0, (2)

Eq. (2) reduces to Eq. (3) using the angles differences.

Θi = ∆β −∆α. (3)

y i

x i

α0

β0
y i

x i

Θ i

β

α

Reference configuration
Updated (deflected)
configuration

Fig. 5. Flexure effective rotation

The modular kinematic analysis is carry out as illustrated
on Fig 6. The mechanism reference configuration is used
to calculate the current dimensions of the rigid equivalent
mechanism. After that, the position of each revolute joint
within the equivalent mechanism is obtained according to
the mechanism generation principle. This implies that the
driving mechanisms position problem is first solved, what
determines the position of any point laying on the driving
links that might connect to the remaining Assur groups. As
a result, the position (constraints) of the free-joints of the
first Assur group in the sequence are obtained.

The solution of the first Assur group position problem
provides the free-joint positions of following Assur groups.
The sequence advances in the direction of the generation
principle until the position problem of all Assur groups are
solved.
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Fig. 6. Kinematic analysis of a rigid-body mechanism

Step 2. Modular force analysis
Given:

1. The rigid-equivalent mechanism updated (deflected)
configuration determined by:
(a) The position of driving mechanisms revolute

joints at updated configuration configuration
({rD1, . . . , rDω}).

(b) The position of Assur groups revolute joints at up-
dated configuration ({RA1, . . . , RAΩ}).

2. The set of external loads (P ) applied to the Assur
groups and their application points.

3. The internal moment Mi (zero at first iteration) that
equilibrates the loads FXi

, FYi
at the deflected config-

uration.
Goal. To find:

1. The internal forces (FXi
, FYi

) acting on each joint of
the rigid-equivalent mechanism referenced to the world
coordinate system OXY .

2. The set of driving loads (τ) that has to be applied to the
driving links to equilibrate the external loads (P ) and
achieve the prescribed rotations (q).

τ =
[
τ1 τ2 . . . τω

]T
, (4)

where τ is a vector of driving loads.
The procedure for the modular static analysis is illustrated
on Fig. 7. The solution is achieved sequentially in the op-
posite direction of the generation principle. First the last
Assur group static-problem is solved determining a set of
joint reactions that are introduced as external loads acting
on the previous groups. After that, the previous group is
solved and the sequence goes on until all the groups within
the mechanism are solved. Finally, the solution of each
driving mechanism equilibrium-problem is reached deter-
mining the driving loads (τ) and the fixed joint reactions.

Step 3. Large deflection analysis
After kinematic and force analysis problems are solved,

the next step is to model the behavior of the flexure hinges
through a deflection analysis stated in the following man-
ner:

Given:
1. The flexures effective rotation (Θi).

2. The internal forces (FXi
, FYi

) acting on each revo-
lute joint (flexure hinge free-end) of the rigid-equivalent
mechanism.

3. The flexure geometry and material properties (ϕi).
Goal. To find:

1. The flexures free-end position vector (ri) at deflected
configuration. This corresponds to the correction to the
position correction of all joints and therefore, to the
new mechanism reference configuration required for
the next iteration.

2. The internal moment Mi that equilibrates the loads
FXi

, FYi
at the deflected configuration.

The deflected shape of a flexure is described by its rel-
ative free-end position vector (oxyri = ui + vi) and its
free-end rotation (Θi) (Fig. 8). The left superscript oxy
refers ri to the flexure local coordinate system.

Similarly, the load applied to the flexure is described by
the forces (Fxi, Fyi) and the momentMiacting on the flex-
ure hinge free-end (Fig. 8). It should be noted that the
forces (Fxi, Fyi) are the axial and shear components of
the force acting on the flexure hinge and they correspond to
the projection of the global forces (FXi , FYi ) to local coor-
dinate system oxy.

The following defection analysis is adopted from the
work by S.Venanzi et al. [4], and its summarized as fol-
lows:

The Euler-Bernoulli equation (for long-beam like mem-
bers) is used to model each flexure hinge when large deflec-
tions are considered by relating both the deflected shape and
the forces applied upon it. The non-linear aspect is intro-
duced by combining the bending effects of three end loads
(Fxi ,Fyi, Mi), as it is well know that linear displacement
theory disregards the contribution of the axial force to the
bending.

The bending moment acting on a section s is defined as:

M(s) = M + Fy(u− x(s))− Fx(v − y(s)), (5)

where s is a linear coordinate along the beam, (x(s), y(s))
are the local coordinates of the point (s) where the bending
moment is evaluated and (u, v) are the local coordinates
of the free-end (Fig. 8). The Euler-Bernoulli differential
equation states

dθ(s)

ds
=
M(s)

EI
, (6)
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Fig. 7. Static analysis of a rigid-body mechanism

where θ(s) is the beam rotation, E is the material elastic
modulus and I the cross section area moment of inertia.
The following identities are valid for a point of the deflected
beam:

dx(s)

ds
= cos θ(s),

dy(s)

ds
= sin θ(s).

(7)

Combining and reorganizing Eqs. (5) – (7), the Euler –
Bernoulli equation for a deflected beam is formulated as a
system of first order differential equations (Eq. (8)).

d

ds

θ(s)x(s)
y(s)

 =

M+Fy(u−x(s))−Fx(v−Y (s))
EI

cos θ(s)
sin θ(s)

 , (8)

subject to the boundary conditionsθx
y

∣∣∣∣∣∣
s=0

=

0
0
0

 ,
θx
y

∣∣∣∣∣∣
s=L

=

Θ
u
v

 . (9)

The boundary conditions are applied to both bounds of the
independent variable s, which varies between 0 and L for
the length of the beam. Six parameters are related in Eq.
(8) and (9): M , the moment on the beam free end, Fx and
Fy , the components of the load acting on the free-end of
the beam (referenced to the local coordinate system oxy),
the effective rotation Θ, and the components of the relative
free-end position vector of the beam (u, v).

It should be noted that the flexure free-end position vec-
tor ri (see Sec.IV, step 3, goal 1) corresponds to the pro-
tection of the relative free-end position vector oxyri to the
global coordinate system (OXY )

If the effects of the internal axial force acting on the beam
are added to Eq. (8), then the accuracy of the solution is
reported to be increased [4]. The boundary value problem
solution required the parameters Θ, Fx and Fy as known
inputs and provides the output parameters M , u and v. A
numerical method might be implemented for this purpose
([4], [8]).

y

x
Θ

M
Fx

Fy

[u,v]

[x(s),y(s)]
s

Fig. 8. Flexure hinge deflection analysis [4]

l
L1

l

l

L2

L3

L4

Compliant leg.

Fixed platform.

Moving platform.

Fig. 9. Compliant mechanism case study

V. Results

In this section the force-displacement model of a 3-DOF
planar CM is performed. The symmetrical mechanism is
capable of set its end-effector pose and consists of an equi-
lateral moving platform connected by three identical com-
plaint legs to an equilateral fixed base (Fig. 9). Each com-
pliant leg is formed by an alternating pattern of three flex-
ures connect two rigid segments. The mechanism is actu-
ated from the rigid elements connected to the base. Dimen-
sions are described on Table I, and aluminum 7075 (E = 70
GPa) is assumed as material.

A. Generation principle

After the flexures are replaced with revolute joints, the
topology of the rigid equivalent mechanism is obtained
(Fig. 1). If the three links connected to the fixed base are
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Parameter Value
l 10 mm
L1 20 mm
L2 30 mm
L3 40 mm
L4 100 mm
Flexure width 5 mm
Flexure thickness 0.1 mm

TABLE I. Case study dimensions

X

Y

u

v

E

O,o

θ1
F

G

H

I

J

K L

M

θ2

θ3

Compliant
mechanism
Rigid
equivalent

F

τ3

τ1

τ2

Fig. 10. Compliant mechanism and rigid equivalent

selected as driving links, then the mechanism generation
principle is (see Fig. 2):

IR → IR → IR → IIIRR−RR−RR, (10)

where IR denotes a first-class driving mechanism and
IIIRR−RR−RR denotes a third class Assur group.

B. Rigid-equivalent mechanism

Figure 10 shows the assigned rigid-equivalent mecha-
nism at its relaxed position. According to the proposed con-
vention of section IV-B, the mechanism parameters at re-
laxed configuration areEH = FI =GJ = 30.00 mm,HK
= IL = JM = 40.00 mm, KL = LM = MK = 40.00
mm, rE = (−41.74,−34.51) mm, rF = (50.76,−18.90)
mm, rG = (−9.01, 53.40) mm, θ1 =−0.599 rad, θ2 = 1.495
rad, and θ3 = −2.694 rad.

C. Force-displacement model

At this point, the previous conditions (see conditions 1–3
of Section IV) to the force-displacement procedure are met.
1. The generation principle of the mechanism is known,

expression 10.
2. The solution of the position and force problems of the

driving mechanisms and the third-class Assur group are
known, e.g. it is possible to solve the position problem

of the third-class Assur group using a numerical strat-
egy such as virtual variable searching. [16].

3. The parameters of the equivalent mechanism at relaxed
configuration (see section V-B).

The force-displacement model procedure (section IV), is
carry out as follows:

Step 1. Modular kinematics
Given:

1. The rigid equivalent mechanism non-deflected configu-
ration:
(a) Position of driving mechanisms revolute joints:

rD1 = rE ,

rD2 = rF ,

rD3 = rG.

(11)

(b) Position of third-class Assur group revolute joints:

RA1 = {rH , rI , . . . , rM}. (12)

2. The prescribed orientation of the driving mechanisms:

q = [θ1 θ2 θ3]T . (13)

Let the following orientations be imposed to input links,
θ1 = −0.349 rad, θ2 = 1.745 rad and θ3 = −2.444 rad.

Goal.
The mechanism updated configuration is calculated using
the kinematic solutions of the first class driving mechanism
and third-class Assur group. For the sake of brevity the
H and I joints are proposed as control points through the
whole procedure:
1. Third-class group joints positions, RA1:

rH = (−13.56,−44.78) mm,

rI = (45.56, 10.65) mm.
(14)

2. Flexure effective rotations Θ (Eq. (3))

ΘH = −0.104 rad,

ΘI = −0.104 rad.
(15)

Step 2. Modular force analysis
Given:

1. The rigid-equivalent mechanism updated configuration
({rD1, rD2, rD3, RA1}), calculated in Step 1.

2. The set P of external loads and their application points.

P = {F, rP }, (16)

where F = (−400, 0) mN and rP is the middle point
between M and L (Fig. 10).

Goal.
The force analysis is solved using the kinetostatic modules
of the third-class Assur group and first-class driving mech-
anism in two aspects:

8
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1. The joint forces acting on the rigid equivalent mecha-
nism.

FH = (9.27,−41.06) mN,

FI = (131.7, 121.6) mN.
(17)

2. The set of driving loads τ required to equilibrate the
mechanism in the prescribed configuration:

τ = [τ1 τ2 τ3]T , (18)

where τ1 = −0.594 N mm, τ2 = −3.485 N mm, τ3 =
6.107 N mm.

Step 3. Large deflection analysis
Given:

1. The flexure effective rotations ({ΘE , . . . ,ΘM}), cal-
culated in Step 1.

2. The joint forces ({FE , . . . ,FM}), calculated in Step 2.
3. The flexures geometry and material properties (Table I).

Goal.
The large deflection analysis is calculated solving the dif-
ferential equation (8), by means of a standard numerical
finite differences algorithm. The solution consists of two
aspects:
1. The flexures free-end position vectors ({rE , . . . , rM}),

used to update the mechanism reference configuration
required in Step 1. The updated position of the fixed
points H and I are selected as control points:

rH = (−13.05,−44.00) mm,

rI = (43.98, 10.62) mm,
(19)

2. The internal moments ({ME , . . . ,MM}), used to up-
date the force analysis (see Step 2). The MH and MI

flexure moments are selected as control points:

MH = 0.468N mm,

MI = 1.639N mm.
(20)

Finally the procedure returns to Step 1 (kinematic analysis),
where new dimensions of the rigid-equivalent mechanism
are calculated from the mechanism new reference config-
uration. Steps (1 – 3) are iterated allowing for a maximal
difference of 1 · 10−6 N mm between two successive calcu-
lations of driving input moments τ . The problem converges
after 20 iterations to the following results:

τ = [2.207 − 2.286 9.575]T N mm,

ro = (−1.044,−0.062) mm,

ψ = −0.277 rad,

(21)

where ro andψ are the moving-platform center position and
orientation respectively. The deflected shape of the mecha-
nism is illustrated in Fig. 11.
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Fig. 11. Compliant mechanism at deflected configuration

D. Workspace analysis and numerical validation

A workspace analysis and numerical validation are per-
formed using the following criteria:
1. No external load is applied to the mechanism.
2. The maximum axial stress at a deflected configuration

is limited to 250 MPa.
3. The prescribed rotation range for each driving link is

the same and any combination q = [θ1 θ2 θ3]T . within
that range is evaluated.

4. A numerical validation is performed comparing the
force-displacement workspace predictions with nonlin-
ear FEA . For this purpose a large deflection beam ele-
ment is implemented in ANSYS R©.

Figures 12 to 13 illustrate the maximal axial bending stress
(Fig. 12) and the end-effector position and orientation er-
rors compared to FEA (Fig. 13 and Fig. 14) in terms of the
feasible active-joints workspace (left side of each figure)
and its correspondent end-effector workspace (right side of
each figure).
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Fig. 12. Joint and end-effector workspaces with maximal axial bending
stress (colormap)

VI. Conclusion

This article addresses the force-displacement model of
flexure-based planar CMs considering large deflections un-

9



13th World Congress in Mechanism and Machine Science, Guanajuato, México, 19-25 June, 2011
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der quasi-static conditions. A new force-displacement
model procedure consisting of three iterative steps, kine-
matic – force – large deflection analysis, is developed in
section IV.

Unlike other procedures, the kinematic and force anal-
ysis are solved through the decomposition of a rigid-
equivalent mechanism into Assur groups. Such a decom-
position and the equivalent joints location are determined
using the structural analysis routine and a proposed con-
vention presented in sections IV-A and IV-B. This ables
for an extended analysis capability in which the force-
displacement model of a wide variety of mechanisms can
be assessed depending on the amount of Assur groups avail-
able in a kinematic and force analysis solutions library.

To validate the performance of the proposed procedure a
3-DOF CM case study was carry out (section V). Two ex-
periments were conducted. First, the mechanism pose as-
sess under an applied load and prescribed orientation of the
driving links. And second, a workspace analysis subjected
to axial bending stress restrictions. Comparisons with FEA
led to a good match, as the maximal error values of the end-
effector position and orientation were found to be 0.026 mm
and 6.1 mrad through end-effector displacement and orien-
tation ranges of 15 mm and 500 mrad respectively.

Scope and Future Work. Only CMs whose rigid equiva-

lent can be dissagregated into Assur groups might be model
with the proposed technique. No consideration of buckling
effects is taking into account into the deflection analysis

Real experimental test to validate the procedure, together
with the implementation of a dynamic model, and a capa-
ble model of fully compliant mechanism are proposals for
future work.
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